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Abstract 
 
 

Teaching - learning Mathematics in school assume mastering and the use of mathematical language. It is made 
up of the natural language of the spoken language (of teachers and students) plus a series of mathematical signs 
and symbols, but also a series of specific propositions. In this paper we will present two fundamental concepts of 
mathematical language; namely, the theorem and the definition respectively. Thus, we will present here, all types 
of mathematical propositions (direct, reciprocal, contrary and
reciprocal), which if true become theorems (direct, reciprocal, contrary and reciprocal of the contrary or 
contrary of the reciprocal). Regarding the concept of definition, we will refer to its two component p
proximate genus and the specific difference
Finally, we will analyze and exemplify the concept of 
propositions / theorems from Algebra, Mathematical Analysis and Geometry.
 

 

Keywords:Mathematics, mathematical proposition, axiom, theorem, definition. 
 

1.Introduction 
 

The basic support of the training and education through Mathematics is the mathematical notional content 
(abbreviated MNC), formed from the bases of Mathematics 
mathematical logic combines with the didac
presenting the notions mathematics is based on the conquests, in this sense, 
and Methodology. (Vălcan, 2013). The mathematical education carries s
to a certain logic and according to certain levels of difficulty. In school, in the Mathematical discipline, the 
student will acquire: notions (definitions), 
application in solving exercises and problems
Mathematics in school is not synonymous with telling / telling stories, possibly dictating: 
mathematical propositions, theorems or 
restitution of the ones presented. Teaching Mathematics in school means conducting a complex activity in which 
at least the following events take place: 
 

1) presentation of facts, examples, models, cuts from reality
which are to be taught; 

2) addressing the students the urge to carry out an activity on them
compare them, to mathematize them, etc.;

3) a thought process to then extract the essential
of mathematical reasoning, rules of deduction (theorems);

4) organizing and guiding the act of learning of the students
5) an application process, which will make mathematical knowledge operative in solving exercises and 
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learning Mathematics in school assume mastering and the use of mathematical language. It is made 
up of the natural language of the spoken language (of teachers and students) plus a series of mathematical signs 

pecific propositions. In this paper we will present two fundamental concepts of 
mathematical language; namely, the theorem and the definition respectively. Thus, we will present here, all types 
of mathematical propositions (direct, reciprocal, contrary and reciprocal of the contrary or contrary of the 
reciprocal), which if true become theorems (direct, reciprocal, contrary and reciprocal of the contrary or 
contrary of the reciprocal). Regarding the concept of definition, we will refer to its two component p

the specific difference) and to the two types of definitions (natural and / or artificial). 
Finally, we will analyze and exemplify the concept of theorem of characterization. We will exemplify all this with 

rems from Algebra, Mathematical Analysis and Geometry. 

Mathematics, mathematical proposition, axiom, theorem, definition.  

The basic support of the training and education through Mathematics is the mathematical notional content 
(abbreviated MNC), formed from the bases of Mathematics - science transposed in the didactic plan, where the 
mathematical logic combines with the didactic logic - on the basis of the accessibility principle, and the ways of 
presenting the notions mathematics is based on the conquests, in this sense, of : Pedagogy, Psychology, Sociology 

The mathematical education carries scientific contents, programmed according 
to a certain logic and according to certain levels of difficulty. In school, in the Mathematical discipline, the 

(definitions), theorems, mathematical laws, modalities and techniques of
application in solving exercises and problems, both in Mathematics and in other school disciplines.
Mathematics in school is not synonymous with telling / telling stories, possibly dictating: 

or rules of deduction and asking in the next lesson the verbal or written 
restitution of the ones presented. Teaching Mathematics in school means conducting a complex activity in which 

 

of facts, examples, models, cuts from reality, leading to the introduction of mathematical notions, 

addressing the students the urge to carry out an activity on them, which will lead them: to analyze them, to 
matize them, etc.; 

a thought process to then extract the essential, which should be condensed into: definitions, laws, principles 
of mathematical reasoning, rules of deduction (theorems); 
organizing and guiding the act of learning of the students; 

, which will make mathematical knowledge operative in solving exercises and 

1 

learning Mathematics in school assume mastering and the use of mathematical language. It is made 
up of the natural language of the spoken language (of teachers and students) plus a series of mathematical signs 

pecific propositions. In this paper we will present two fundamental concepts of 
mathematical language; namely, the theorem and the definition respectively. Thus, we will present here, all types 

reciprocal of the contrary or contrary of the 
reciprocal), which if true become theorems (direct, reciprocal, contrary and reciprocal of the contrary or 
contrary of the reciprocal). Regarding the concept of definition, we will refer to its two component parts (the 

) and to the two types of definitions (natural and / or artificial). 
. We will exemplify all this with 

The basic support of the training and education through Mathematics is the mathematical notional content 
science transposed in the didactic plan, where the 

on the basis of the accessibility principle, and the ways of 
Pedagogy, Psychology, Sociology 

cientific contents, programmed according 
to a certain logic and according to certain levels of difficulty. In school, in the Mathematical discipline, the 

modalities and techniques of their 
, both in Mathematics and in other school disciplines.But teaching 

Mathematics in school is not synonymous with telling / telling stories, possibly dictating: definitions, properties, 
and asking in the next lesson the verbal or written 

restitution of the ones presented. Teaching Mathematics in school means conducting a complex activity in which 

, leading to the introduction of mathematical notions, 

, which will lead them: to analyze them, to 

, which should be condensed into: definitions, laws, principles 

, which will make mathematical knowledge operative in solving exercises and 
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problems, both in Mathematics and in other school disciplines, highlighting the interdisciplinary character of 
Mathematics. (Ionescu, M., Radu. I. 1995)

 

On the other hand, the means of transmitting knowledge to Mathematics in school are: 
counterexample, the model, the cut from reality
short, we can say that the supply of knowledge, in 
data. 
 

Therefore, teaching - learning Mathematics in school is an act of didactic communication. But, communication 
itself is a relationship; it implies the existence of an 
which is, in our case, the mathematical language used in the communication process, together with the nonverbal 
means of expression (mimicry, gestures, etc.).
 

The mathematical language is the fundamental code in this
the words, signs and mathematical symbols used, the teacher's gestures, including mimicry, form a common body.
 

Both the way of transmitting and receiving the knowledge depends on the repertoire chosen by
with the vocabulary learned by the students and the 
logical forms that constitute the concrete ways of achieving teacher 
above, also includes the knowledge and correct use of two concepts that we set out to present below: 
and definitions. (Brânzei, D., Brânzei, R., 2000)
 

2.About Theorems 
 

The properties of mathematical objects and phenomena are introduced, with the exception of those that are 
rendered in axioms, using theorems. While the axioms are true statements that are accepted without proof, the 
theorems must be proved. Therefore, a th
mathematical objects or phenomena have certain properties, but that must be proved. (Vălcan, D., 2010)
The general structure of a theorem is as follows:
 

P(x1,x2,...,xm)  Q(x1,x2,...,x
 

where P and Q are two predicates of m variables defined on the same Cartesian product M
In short, we will note the theorem in the form:
 

P  Q.                                                                                            
 

Definitions 2.1: In Theorem (2.1), predicate P is called 
A theorem of this kind is read: 
 

"If P (takes place) then (and) Q (takes place)
 

Hypothesis P gives the conditions under which the theorem takes place, that is, the conditions under which the 
conclusion Q is true, and in the conclusion Q the requirements of the 
Given two predicates P and Q as above, we can attach, besides the statements (2.1) and (2.1
statements: 
 

 Q(x1,x2,...,xm)  P(x1,x2,...,x
or in short: 

Q  P,                                                                                  
Q(x1,x2,...,xm),                                                                              

or in short: 
PQ,                                                                                                                  
Q(x1,x2,...,xm) P(x1,x2,...,xm),                                                                           

or in short: 
QP.                                                                                                                    (2.4

 

Definitions 2.2: 1) Proposition (2.1) is called 
2) Proposition (2.2) is called reciprocal proposition
3) Proposition (2.3) is called contrary proposition
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problems, both in Mathematics and in other school disciplines, highlighting the interdisciplinary character of 
Mathematics. (Ionescu, M., Radu. I. 1995) 

hand, the means of transmitting knowledge to Mathematics in school are: 
the cut from reality, the schema, the definition, the rule / algorithm

short, we can say that the supply of knowledge, in teaching - learning Mathematics, contains concrete and verbal 

learning Mathematics in school is an act of didactic communication. But, communication 
itself is a relationship; it implies the existence of an internalized code common to the teacher and the student
which is, in our case, the mathematical language used in the communication process, together with the nonverbal 
means of expression (mimicry, gestures, etc.). 

The mathematical language is the fundamental code in this communicative act; in the process of communication 
the words, signs and mathematical symbols used, the teacher's gestures, including mimicry, form a common body.

Both the way of transmitting and receiving the knowledge depends on the repertoire chosen by
with the vocabulary learned by the students and the syntax of communication, we must also include here the 
logical forms that constitute the concrete ways of achieving teacher - student communication, which, as shown 

s the knowledge and correct use of two concepts that we set out to present below: 
. (Brânzei, D., Brânzei, R., 2000) 

The properties of mathematical objects and phenomena are introduced, with the exception of those that are 
. While the axioms are true statements that are accepted without proof, the 

theorems must be proved. Therefore, a theorem is a mathematical, true statements, which states that certain 
mathematical objects or phenomena have certain properties, but that must be proved. (Vălcan, D., 2010)
The general structure of a theorem is as follows: 

,...,xm),                                                              (2.1)

where P and Q are two predicates of m variables defined on the same Cartesian product M1
In short, we will note the theorem in the form: 

Q.                                                                                                               (2.1) 

In Theorem (2.1), predicate P is called hypothesis, and predicate Q is called 

If P (takes place) then (and) Q (takes place)". 

Hypothesis P gives the conditions under which the theorem takes place, that is, the conditions under which the 
conclusion Q is true, and in the conclusion Q the requirements of the theorem are specified. 
Given two predicates P and Q as above, we can attach, besides the statements (2.1) and (2.1

,...,xm),                                                                       (2.2)

P,                                                                                                                 (2.2) 
),                                                                                                (2.3) 

Q,                                                                                                                  (2.3
),                                                                            (2.4)

P.                                                                                                                    (2.4

Proposition (2.1) is called direct proposition (DP). 
reciprocal proposition (RP). 
contrary proposition (CP). 

www.ijspe.com 

problems, both in Mathematics and in other school disciplines, highlighting the interdisciplinary character of 

hand, the means of transmitting knowledge to Mathematics in school are: the example, the 
the rule / algorithm, the theorem. In 

learning Mathematics, contains concrete and verbal 

learning Mathematics in school is an act of didactic communication. But, communication 
common to the teacher and the student, 

which is, in our case, the mathematical language used in the communication process, together with the nonverbal 

communicative act; in the process of communication 
the words, signs and mathematical symbols used, the teacher's gestures, including mimicry, form a common body. 

Both the way of transmitting and receiving the knowledge depends on the repertoire chosen by the teacher. Along 
of communication, we must also include here the 

student communication, which, as shown 
s the knowledge and correct use of two concepts that we set out to present below: theorems 

The properties of mathematical objects and phenomena are introduced, with the exception of those that are 
. While the axioms are true statements that are accepted without proof, the 

eorem is a mathematical, true statements, which states that certain 
mathematical objects or phenomena have certain properties, but that must be proved. (Vălcan, D., 2010) 

(2.1) 

M2...Mm.  

, and predicate Q is called conclusion. 

Hypothesis P gives the conditions under which the theorem takes place, that is, the conditions under which the 
 

Given two predicates P and Q as above, we can attach, besides the statements (2.1) and (2.1), the following 

(2.2) 

) P(x1,x2,...,xm)  
 

) 
(2.4) 

P.                                                                                                                    (2.4) 
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4) Proposition (2.4) is called contrary of the reciprocal (CRP) or reciprocal of contrary (RCP).  
 

These propositions may be true or false. If one of them is true, then it becomes a theorem. 
 

Definitions 2.3: 1) If the proposition (2.1) is true, then it is called the direct theorem (DT). 
2) If the proposition (2.2) is true, then it is called reciprocal theorem (RT). 
3) If the proposition (2.3) is true, then it is called the contrary theorem (CT). 
4) If the proposition (2.4) is true, then it is called the contrary of the reciprocal theorem (CRT) or the 
reciprocal of the contrary (RCT). 

 

From the principle of the counterposition and the above, we obtain: 
 

Remark 2.4: The following statements hold: 
 

1) the direct proposition is logically equivalent to the contrary of the reciprocal proposition, and if they are 
true, the direct theorem is logically equivalent to the contrary of the reciprocal theorem; 

2) the reciprocal proposition is logically equivalent to the contrary proposition, and if they are true, the 
reciprocal theorem is logically equivalent to the contrary theorem.  

 

A direct theorem always presents us with the conditions necessary for the theorem's requirements to be met, 
therefore such a theorem is also read as follows: 
 

„For Q to take place, it is necessary for P to take place”.  
 

A reciprocal theorem always presents us with sufficient conditions for the hypothesis of the theorem to take place, 
which is why such a theorem is read and so on: 
 

 „For P to take place it is enough for Q to take place”. 
  

Whenever a theorem is presented, it must be seen whether the reciprocal proposition is a theorem. If this happens, 
that is, both the direct theorem and the reciprocal theorem take place, the inverse implication rule shows that the 
contrary proposition is the theorem. In this case, the direct theorem and the reciprocal theorem can be expressed 
together, as a necessary and sufficient condition: 

 

P(x1,x2,...,xm)  Q(x1,x2,...,xm),                                                                                         (2.5) 
 

or in short: 
 

P Q,                                                                                                                               (2.5) 
 

and that is readable: 
 

 „P if and only if Q”, 
Or 
 

 „P exactly if Q”,  
 

or 
 

 „P takes place then and only then Q takes place”,  
 

or 
 „For P to take place it is necessary and sufficient for Q to take place”.  
 

Either of the above expressions gives necessary and sufficient conditions for proposition P to occur. In such 
expressions, either of the two propositions (P, respectively Q) is both a necessary condition and a sufficient 
condition (one) for the other. (Albu, A. C., 1995) 
 

We present below some examples of such propositions, respectively theorems. 
 

Examples 2.5: 1) From Algebra: 
 

DP:„Any natural number is an integer”;  
RP:„Any integer is a natural number”;  
CP:„Any number that is not natural is not an integer”;  
CRP:„Any number that is not an integer is not a natural number”.  
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The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is not true, because there are integers that are not natural 
numbers, for example: -1. According to Remark 2.4, point 2), neither the CP proposition is true, so in this case, 
we cannot talk about CT theorem.   
 

2) From Mathematical Analysis: 
 

DP:„If function f : [a,b] R is continuous on [a,b], then it is integrable on [a,b]
RP:„If function f : [a,b] R is integrable on [a,b], then it is continuous on [a,b]
CP:„If function f : [a,b] R is not continuous on [a,b], then it is not integrable on [a,b]
CRP:„If function f : [a,b] R is not integrable on [a,b], then it is not c
 

The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is not true, because there are there are integrable functions over 
a certain interval [a,b], without them being continuous over that interval, for example: 
 

 f : [0,1] R,   

in other words, the integrability of a function f, on an interval [a,b], is only a necessary condition for the 
continuity of f on [a,b], not sufficient. According to Remark 2.4, point 2), neither the CP proposition is true, so in 
this case, we cannot talk about CT theorem. 
 

3) From Geometry: 
 

DP:„If in a quadrilateral all sides are congruent, then it is rhombus
RP:„If a quadrilateral is rhombus, then all its sides are congruent
CP:„If in a quadrilateral not all sides are congruent, then it is no
CRP:„If a quadrilateral is not a rhombus, then not all its sides are congruent

 

The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is also true, so this is a RT theorem. According to Remark 2.4, 
point 2), the CP proposition is true, so in this case, we can talk about CT theorem. In other words, here we are 
dealing with a necessary and sufficient condition for a quadrilateral to be rhombus. 
 

In school, the student first meets with a theorem in the 6th grade. Here, after he can to break the hypothesis of 
conclusion, he must also be trained to make a statement of any of the types presented above and to separate from 
such statements which is the direct theorem and which is the reciprocal one, that is, what are the necessary 
conditions and which are sufficient.  
 

At the same time, in such cases students should be accustomed to prove both theorems that appear in such 
statements, specifying each time the hypothesis and the conclusion, respectively. 
 

Sometimes the hypothesis of a theorem contains several statements, in which case the conclusion may have the 
same property. In such a theorem the statements in the hypothesis are linked by the conjunction
the conclusion are connected by the disjunction "
 

 p1p2...pm q1q2...qr.                                                                                             (2.6)
 This theorem can decompose r theorems as follows:
 p1p2...pm q1;                                                                                                            (2.6
 p1p2...pm q2;                                                            
 ... 
 p1p2...pm qr.                                                                                                             (2.6
 

Examples 2.6: 1)From Algebra: 
 

Teorema A: If the matrices A, BM2(R), satisfy the conditions
 

i) AB=BA  
and  

nd Education.           Vol. 3, No. 2; February, 2021.

The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is not true, because there are integers that are not natural 

ng to Remark 2.4, point 2), neither the CP proposition is true, so in this case, 

is continuous on [a,b], then it is integrable on [a,b]”;   
is integrable on [a,b], then it is continuous on [a,b]”;    
is not continuous on [a,b], then it is not integrable on [a,b]”;   

is not integrable on [a,b], then it is not continuous on [a,b]”.

The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is not true, because there are there are integrable functions over 

tain interval [a,b], without them being continuous over that interval, for example:  

   f(x)=







1x,2

)1,0[x,x
; 

in other words, the integrability of a function f, on an interval [a,b], is only a necessary condition for the 
continuity of f on [a,b], not sufficient. According to Remark 2.4, point 2), neither the CP proposition is true, so in 

about CT theorem.  

If in a quadrilateral all sides are congruent, then it is rhombus”;     
If a quadrilateral is rhombus, then all its sides are congruent”;    
If in a quadrilateral not all sides are congruent, then it is not rhombus”;   

If a quadrilateral is not a rhombus, then not all its sides are congruent”. 

The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is also true, so this is a RT theorem. According to Remark 2.4, 

s true, so in this case, we can talk about CT theorem. In other words, here we are 
dealing with a necessary and sufficient condition for a quadrilateral to be rhombus.  

In school, the student first meets with a theorem in the 6th grade. Here, after he can to break the hypothesis of 
conclusion, he must also be trained to make a statement of any of the types presented above and to separate from 

direct theorem and which is the reciprocal one, that is, what are the necessary 

At the same time, in such cases students should be accustomed to prove both theorems that appear in such 
the hypothesis and the conclusion, respectively.  

Sometimes the hypothesis of a theorem contains several statements, in which case the conclusion may have the 
same property. In such a theorem the statements in the hypothesis are linked by the conjunction
the conclusion are connected by the disjunction "", in which case the theorem is expressed as follows:

.                                                                                             (2.6)
theorem can decompose r theorems as follows: 

;                                                                                                            (2.6
;                                                                                                           

.                                                                                                             (2.6

), satisfy the conditions: 
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The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is not true, because there are integers that are not natural 

ng to Remark 2.4, point 2), neither the CP proposition is true, so in this case, 

”;    
”. 

The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is not true, because there are there are integrable functions over 

in other words, the integrability of a function f, on an interval [a,b], is only a necessary condition for the 
continuity of f on [a,b], not sufficient. According to Remark 2.4, point 2), neither the CP proposition is true, so in 

The DP proposition is true, so it is a DT theorem. According to Remark 2.4, point 1) the CRP proposition is true, 
so it becomes a CRT theorem. The RP proposition is also true, so this is a RT theorem. According to Remark 2.4, 

s true, so in this case, we can talk about CT theorem. In other words, here we are 

In school, the student first meets with a theorem in the 6th grade. Here, after he can to break the hypothesis of 
conclusion, he must also be trained to make a statement of any of the types presented above and to separate from 

direct theorem and which is the reciprocal one, that is, what are the necessary 

At the same time, in such cases students should be accustomed to prove both theorems that appear in such 

Sometimes the hypothesis of a theorem contains several statements, in which case the conclusion may have the 
same property. In such a theorem the statements in the hypothesis are linked by the conjunction "", the ones in 

", in which case the theorem is expressed as follows: 

.                                                                                             (2.6) 

;                                                                                                            (2.6) 
                                               (2.6) 

.                                                                                                             (2.6r) 
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ii) det(A2+B2)=0, 
then: 

a) det(A)=det(B); 
b) if det(A)0, then A2+B2=0.  
 

This theorem can decompose in the following two theorems: 
 

Theorem A1: If the matrices A, BM2(R), satisfy the conditions: 
 

i) AB=BA  
and  

ii) det(A2+B2)=0,  
then: 
 

det(A)=det(B). 
 

Theorem A2: If the matrices A, BM2(R), satisfy the conditions: 
 

i) AB=BA,  
ii) det(A2+B2)=0  

and 
iii) dacă det(A)0, 

then: 
A2+B2=0.  
2) From Mathematical Analysis: 
 

Theorem AM:Let IR be a non-degenerate interval, and: 
 

f : I R, 
 

a function with the following properties: 
 

i) f is injective  
and  

ii) f has Darboux's property on I. 
 

Then: 
a) f is strictly monotonous on I; 
b) f(I) is an interval 

and 
c) f is continuous on I. 

 
This theorem can decompose in the following three theorems: 
 

Theorem AM1:Let IR be a non-degenerate interval, and: 
 

f : I R, 
 

a function with the following properties: 
 

i) f is injective  
and  

ii) f has Darboux's property on I. 
 

Then: 
 

f is strictly monotonous on I. 
 

Theorem AM2:Let IR be a non-degenerate interval, and: 
 

f : I R, 
 

a function with the following properties: 
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i) f is injective  
and  

ii) f has Darboux's property on I
 

Then: 
 

f(I) is an interval. 
 

Theorem AM3:Let IR be a non-degenerate interval, and
 

f : I R, 
 

a function with the following properties:
i) f is injective  

and  
ii) f has Darboux's property on I

Then: 
f is continuous on I. 

 

3) From Geometry:  
 

Theorem G: Consider the acute scalene triangle ABC in which
i) [AM], [BN] and [CP] are altitudes
ii) H is the orthocenter of the triangle
iii) Q and R are the means of the segments [BH] 
iv) {U}=ABMQ, {V}=AC

Then: 
a) ∢ANP∢ABC and ∢AHN

b) 
MH

AM

UB

AU
 ; 

c) UV║BC; 
d) MH=2RcosBcosC,  

 

where R is the circumradius, that is the radius of the circumscribed circle 
 

e) 
TH

AT
=tgBtgC; 

f) T is the orthocenter of the triangle 
 

This theorem can decompose in the following six theorems:
 

Theorem G1: Consider the acute scalene triangle ABC in which
 

i) [AM], [BN] and [CP] are altitudes
ii) H is the orthocenter of the triangle
iii) Q and R are the means of the segments [BH] and [CH]
iv) {U}=ABMQ, {V}=AC

 

Then: 
∢ANP∢ABC and ∢AHN∢ACB

 
Theorem G2: Consider the acute scalene triangle ABC in which
 

i) [AM], [BN] and [CP] are altitudes
ii) H is the orthocenter of the triangle
iii) Q and R are the means of the segments [BH] and [CH]
iv) {U}=ABMQ, {V}=AC

 
 

nd Education.           Vol. 3, No. 2; February, 2021.

f has Darboux's property on I. 

degenerate interval, and: 

: 

has Darboux's property on I. 

Consider the acute scalene triangle ABC in which: 
[AM], [BN] and [CP] are altitudes, 
H is the orthocenter of the triangle, 
Q and R are the means of the segments [BH] and [CH], 

MQ, {V}=ACMR and {T}=AHNP. 

AHN∢ACB; 

is the circumradius, that is the radius of the circumscribed circle of the triangle ABC

T is the orthocenter of the triangle UAV. 

This theorem can decompose in the following six theorems: 

Consider the acute scalene triangle ABC in which: 

[AM], [BN] and [CP] are altitudes, 
H is the orthocenter of the triangle, 

the means of the segments [BH] and [CH], 
MQ, {V}=ACMR and {T}=AHNP. 

ACB. 

Consider the acute scalene triangle ABC in which: 

[AM], [BN] and [CP] are altitudes, 
H is the orthocenter of the triangle, 

are the means of the segments [BH] and [CH], 
MQ, {V}=ACMR and {T}=AHNP. 
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Then: 

MH

AM

UB

AU
 . 

 

Theorem G3: Consider the acute scalene triangle ABC in which: 
 

i) [AM], [BN] and [CP] are altitudes, 
ii) H is the orthocenter of the triangle, 
iii) Q and R are the means of the segments [BH] and [CH], 
iv) {U}=ABMQ, {V}=ACMR and {T}=AHNP. 

Then: 
UV║BC. 
 

Theorem G4: Consider the acute scalene triangle ABC in which: 
 

i) [AM], [BN] and [CP] are altitudes, 
ii) H is the orthocenter of the triangle, 
iii) Q and R are the means of the segments [BH] and [CH], 
iv) {U}=ABMQ, {V}=ACMR and {T}=AHNP. 

Then: 
MH=2RcosBcosC,  

 

where R is the circumradius, that is the radius of the circumscribed circle of the triangle ABC. 
 

Theorem G5: Consider the acute scalene triangle ABC in which: 
 

i) [AM], [BN] and [CP] are altitudes, 
ii) H is the orthocenter of the triangle, 
iii) Q and R are the means of the segments [BH] and [CH], 
iv) {U}=ABMQ, {V}=ACMR and {T}=AHNP. 

 

Then: 

TH

AT
=tgBtgC. 

 

Theorem G6: Consider the acute scalene triangle ABC in which: 
 

i) [AM], [BN] and [CP] are altitudes, 
ii) H is the orthocenter of the triangle, 
iii) Q and R are the means of the segments [BH] and [CH], 
iv) {U}=ABMQ, {V}=ACMR and {T}=AHNP. 

Then: 
T is the orthocenter of the triangle UAV. 

 

If a theorem is given by implication (2.6), then they can be obtained several reciprocal statements of the type: 
 q1q2...qr p1;                                                                                                             (2.7) 
 q1q2...qr p2;                                                                                                             (2.7) 
 ... 
 q1q2...qr pm.                                                                                                            (2.7m) 
 

Some of these reciprocal propositions may be theorems. We will exemplify the theorems presented in Examples 
2.6. 
 

Examples 2.7: 1) For Theorem of Algebra we obtain the following two reciprocal propositions:  
 

RPA1: If the matrices A, BM2(R), satisfy the conditions: 
a) det(A)=det(B) 

and 
b) if det(A)0, then A2+B2=0; 
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then: 
AB=BA. 
RPA2: If the matrices A, BM2(R), satisfy the conditions
 

a) det(A)=det(B) 
and 

b) if det(A)0, then A2+B2

then: 
det(A2+B2)=0.  
 

The RPA1 proposition is false because the matrices:

 A= 







00

11
   

satisfy the conditions a) and b), but AB
 

2) For Theorem of Mathematical analysis we obtain the following two reciprocal propositions
 

RPAM1:Let IR be a non-degenerate interval, and
 

f : I R, 
 

a function with the following properties:
a) f is strictly monotonous on I
b) f(I) is an interval 

and 
c) f is continuous on I. 

Then: 
f este injective. 
 

RPAM2:Let IR be a non-degenerate interval, and
 

f : I R, 
 

a function with the following properties:
a) f is strictly monotonous on I
b) f(I) is an interval 

and 
c) f is continuous on I. 

Then: 
 

f has Darboux's property on I. 
 

Both reciprocal propositions, from here, RPAM1 and RPAM2 are true, so they are theorems.
 

3) For Theorem of Geometry, we obtain, according to the specifications above, the following four reciprocal 
propositions:  
 

RPG1:Consider the acute scalene triangle ABC in which
) MBC, NAC, PAB, 
) AMBNCP=H; 
) QBH, RCH, 
) UAB, VAC, TAH. 

If: 
a) ∢ANP∢ABC and ∢AHN

b) 
MH

AM

UB

AU
 ; 

c) UV║BC; 
d) MH=2RcosBcosC,  

nd Education.           Vol. 3, No. 2; February, 2021.

), satisfy the conditions: 

2=0; 

The RPA1 proposition is false because the matrices: 

  and    B= 



11

00

BA, and the RPA2 proposition is true, so it is a theorem. 

For Theorem of Mathematical analysis we obtain the following two reciprocal propositions

degenerate interval, and: 

: 
f is strictly monotonous on I; 

degenerate interval, and: 

: 
f is strictly monotonous on I; 

Both reciprocal propositions, from here, RPAM1 and RPAM2 are true, so they are theorems.

Theorem of Geometry, we obtain, according to the specifications above, the following four reciprocal 

Consider the acute scalene triangle ABC in which: 

AHN∢ACB; 

www.ijspe.com 





1

0
 

BA, and the RPA2 proposition is true, so it is a theorem.  

For Theorem of Mathematical analysis we obtain the following two reciprocal propositions:  

Both reciprocal propositions, from here, RPAM1 and RPAM2 are true, so they are theorems. 

Theorem of Geometry, we obtain, according to the specifications above, the following four reciprocal 
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where R is the circumradius, that is the radius of the circumscribed circle of the triangle ABC; 
 

e) 
TH

AT
=tgBtgC; 

f) T is the orthocenter of the triangle UAV; 
then: 
 

[AM], [BN] and [CP] are altitudes. 
 

RPG2:Consider the acute scalene triangle ABC in which: 
 

) MBC, NAC, PAB, 
) AMBNCP=H; 
) QBH, RCH, 
) UAB, VAC, TAH. 

 

If: 
a) ∢ANP∢ABC and ∢AHN∢ACB; 

b) 
MH

AM

UB

AU
 ; 

c) UV║BC; 
d) MH=2RcosBcosC,  

 

where R is the circumradius, that is the radius of the circumscribed circle of the triangle ABC; 

e) 
TH

AT
=tgBtgC; 

f) T is the orthocenter of the triangle UAV; 
 

then: 
 

H is the orthocenter of the triangle ABC. 
 

RPG3:Consider the acute scalene triangle ABC in which: 
) MBC, NAC, PAB, 
) AMBNCP=H; 
) QBH, RCH, 
) UAB, VAC, TAH. 

If: 
a) ∢ANP∢ABC and ∢AHN∢ACB; 

b) 
MH

AM

UB

AU
 ; 

c) UV║BC; 
d) MH=2RcosBcosC,  

where R is the circumradius, that is the radius of the circumscribed circle of the triangle ABC; 

e) 
TH

AT
=tgBtgC; 

f) T is the orthocenter of the triangle UAV; 
then: 
Q and R are the means of the segments [BH] and [CH]. 
 

RPG4:Consider the acute scalene triangle ABC in which: 
) MBC, NAC, PAB, 
) AMBNCP=H; 
) QBH, RCH, 
) UAB, VAC, TAH. 
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If: 
 

a) ∢ANP∢ABC and ∢AHN

b) 
MH

AM

UB

AU
 ; 

c) UV║BC; 
d) MH=2RcosBcosC,  

 

where R is the circumradius, that is the radius of the circumscribed circle 
 

e) 
TH

AT
=tgBtgC; 

f) T is the orthocenter of the triangle 
 

then: 
{U}=ABMQ, {V}=ACMR and {T}=AH
 

The reciprocal propositions RPG1 and RPG2 are true, so they are theorems, and the reciprocal propositions RPG3 
and RPG4 are not true, so they are not theorems. 
 

When all the conclusion permutes with all the hypothesis, 
 q1q2...qr p1p2...pm,                                                                                             (2.7)
 

then the total reciprocal proposition is obtained, which, depending on the truth value, may or may not be a 
(reciprocal) theorem. We also exemplify this fact on the theorems presented in Examples 2.6. 
 

Examples 2.8: 1)For Theorem of Algebra we obtain the 
 

RPA: If the matrices A, BM2(R), satisfy the conditions
 

a) det(A)=det(B) 
and 

b) if det(A)0, then A2+B2

then: 
i) AB=BA; 
ii) det(A2+B2)=0.  

This reciprocal proposition is not true, so it is not a reciprocal theorem. 
 

2) For Theorem of Mathematical analysis we obtain the following reciprocal proposition
RPAM:Let IR be a non-degenerate interval, and
f : I R, 
 

a function with the following properties:
 

a) f is strictly monotonous on I
b) f(I) is an interval 

and 
c) f is continuous on I. 

Then: 
i) f este injective  

and 
ii) f has Darboux's property on I

 

This reciprocal proposition is true, so it is a theorem.
 

3) For Theorem of Geometry, we obtain, according to the specifications above, the following reciprocal 
proposition:  
RPG:Consider the acute scalene triangle ABC in which
 

) MBC, NAC, PAB, 

nd Education.           Vol. 3, No. 2; February, 2021.

AHN∢ACB; 

is the circumradius, that is the radius of the circumscribed circle of the triangle ABC

T is the orthocenter of the triangle UAV; 

MR and {T}=AHNP. 

The reciprocal propositions RPG1 and RPG2 are true, so they are theorems, and the reciprocal propositions RPG3 
and RPG4 are not true, so they are not theorems.  

When all the conclusion permutes with all the hypothesis,  
,                                                                                             (2.7)

then the total reciprocal proposition is obtained, which, depending on the truth value, may or may not be a 
We also exemplify this fact on the theorems presented in Examples 2.6. 

For Theorem of Algebra we obtain the following reciprocal proposition: 

), satisfy the conditions: 

2=0; 

This reciprocal proposition is not true, so it is not a reciprocal theorem.  

Theorem of Mathematical analysis we obtain the following reciprocal proposition:  
degenerate interval, and: 

: 

f is strictly monotonous on I; 

f has Darboux's property on I. 

This reciprocal proposition is true, so it is a theorem. 

For Theorem of Geometry, we obtain, according to the specifications above, the following reciprocal 

the acute scalene triangle ABC in which: 

www.ijspe.com 

ABC; 

The reciprocal propositions RPG1 and RPG2 are true, so they are theorems, and the reciprocal propositions RPG3 

,                                                                                             (2.7) 

then the total reciprocal proposition is obtained, which, depending on the truth value, may or may not be a 
We also exemplify this fact on the theorems presented in Examples 2.6.  

For Theorem of Geometry, we obtain, according to the specifications above, the following reciprocal 
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) AMBNCP=H; 
) QBH, RCH, 
) UAB, VAC, TAH. 

If: 
g) ∢ANP∢ABC and ∢AHN∢ACB; 

h) 
MH

AM

UB

AU
 ; 

i) UV║BC; 
j) MH=2RcosBcosC,  

 

where R is the circumradius, that is the radius of the circumscribed circle of the triangle ABC; 
 

k) 
TH

AT
=tgBtgC; 

l) T is the orthocenter of the triangle UAV; 
then: 

i) [AM], [BN] and [CP] are altitudes; 
ii) H is the orthocenter of the triangle ABC; 
iii) Q and R are the means of the segments [BH] and [CH]; 
iv) {U}=ABMQ, {V}=ACMR and {T}=AHNP. 

 

This reciprocal proposition is not true, so it is not a reciprocal theorem.  
 

In presenting a proposition of type (2.1) or (2.6), both P, respectively p1p2...pm, and Q, respectively 
q1q2...qr are located in a certain context, so under certain conditions. It is the foundation of the respective 
proposition, and in any type of proposition attached to it, it must be specified; see the examples above.         
   

3.About Definitions 
 

As mentioned above, the non-axiomatic presentation of mathematical knowledge (in school or outside it) is made 
from primary (basic) mathematical objects and phenomena taken from reality, which are intuited and presented by 
description and from other fundamental notions whose content is revealed by definition. Therefore, some 
mathematical notions or relations are presented by definition. In fact, we can say that the essential information 
about a class of mathematical objects or phenomena is summarized in the mathematical notions, which are the 
conquests of cognitive and practical activity of the human being during the historical process. Mathematical 
definitions select, from the content of the notions, a few essential notes, considered necessary and sufficient for 
shaping concepts. (Vălcan, 2017) 
 

Each definition has two component parts:  
 

 the proximate genus, that is, the general notion against which the defined notion is a particular case 
and 
 the specific difference, that is, the trait by which the newly defined notion differs from the other notions 

contained in the general notion. 
 

Examples 3.1: We consider the following definitions: 
 

1) It is called a bijective function, any function that is injective and surjective. 
2) Sequence (am)mN say that converges to the number a, if in any vicinity a there exists an infinity of the 

terms of the sequence (am)mN, except for a finite number. 
3) It's called a parallelogram the quadrilateral that has parallel opposite sides. 

 

In the table below I have highlighted, on each definition separately, proximate genus and specific difference: 
 

 Proximate genus Specific difference 
Definition 1 The notion of function The property of being injective and surjective. 
Definition 2 The notion of a convergent 

sequence 
The property of having an infinity of terms in any 
vecinity of a, except for a finite number. 
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Definition 3 The notion of quadrilateral
The following remarks are required here:
 

Remarks 3.2: 1) In the statement of a definition, reference should only be made to the primary or other notions 
that have already been defined. 
 

2) A definition must to reveal by its content exactly as necessary and sufficient for the outline of its content, so 
that the defined notion is distinct from other notions. So the statement of a definition should not be too long, but 
not too short. 
3) A definition does not have to include properties of the mathematical object / phenomenon defined. 
4) When operating with a definition, importance must be given to all the elements that compose it.
5) We must specify that the definitions in Mathematics are sentences that are not logically classified.
 

We should also mention here that most mathematical notions have a 
definitions. To facilitate the understanding of the difference between the two types of definitions mentioned here, 
we present the following: 
 

Definition 3.3: We call theorem of characterization of the notion n
equivalent to the natural definition of n.
 

Remark 3.4: The structure of a theorem of characterization is as follows:
 

Theorem of characterization of the notion "n":
equivalent: 

1) The natural definition of n.
2) Property / characterization 1.
3) Property / characterization 2.
4) Property / characterization 3, etc.

 

Examples 3.5: I) Theorem 1: For the function:
 

f : A  B, 
 

the following statements are equivalent:
 

1) f is bijective, 

2) f admits an inverse to the left and to the right

3) with f it can be "simplified" from both sides
 

II) Theorem 2: If (am)mN is a sequence of real numbers and a
 

1) (am)mN is convergent to a, 

2) for any 0, there is a mN – which depends on 
 

III)Theorem 3: For the ABCD quadrilateral the following statements are equivalent
 

1) ABCD is a parallelogram. 
2) AB ∥ CD and [AB][CD] (two opposite sides are parallel and congruent)
3) ∢A∢C and m(∢A)+m(∢B)=180

supplementary). 
4) If ACBD=O, then AO=OC and BO=OD (the diagonals intersect at half).

 

Definition 3.6: We call artificial definition of the notion n
given by a theorem of its characterization.
 

Examples 3.7: With respect to those presented in Examples 3.5, based on Definition 3.6, we can say that:
 

1) The characterizations 2) and 3) of Theorem 1 represent 
2) The characterization 2) of Theorem 2 represents an 

nd Education.           Vol. 3, No. 2; February, 2021.

The notion of quadrilateral The property of having parallel opposite sides.
The following remarks are required here: 

In the statement of a definition, reference should only be made to the primary or other notions 

A definition must to reveal by its content exactly as necessary and sufficient for the outline of its content, so 
defined notion is distinct from other notions. So the statement of a definition should not be too long, but 

A definition does not have to include properties of the mathematical object / phenomenon defined. 
tion, importance must be given to all the elements that compose it.

We must specify that the definitions in Mathematics are sentences that are not logically classified.

We should also mention here that most mathematical notions have a natural definition and one or more 
. To facilitate the understanding of the difference between the two types of definitions mentioned here, 

theorem of characterization of the notion n, a theorem that 
equivalent to the natural definition of n. 

The structure of a theorem of characterization is as follows: 

Theorem of characterization of the notion "n": If n is ... / for the notion n, the following statements are 

The natural definition of n. 
Property / characterization 1. 
Property / characterization 2. 
Property / characterization 3, etc. 

For the function: 

: 

an inverse to the left and to the right, 

with f it can be "simplified" from both sides.  

is a sequence of real numbers and aR, then the following statements are equivalent

which depends on , so that for any natural number m, m

For the ABCD quadrilateral the following statements are equivalent: 

[CD] (two opposite sides are parallel and congruent). 
B)=1800, (two opposite angles are congruent and two adjacent angles are 

, then AO=OC and BO=OD (the diagonals intersect at half). 

artificial definition of the notion n, a statement equivalent to the natural definition of n, 
given by a theorem of its characterization. 

With respect to those presented in Examples 3.5, based on Definition 3.6, we can say that:

The characterizations 2) and 3) of Theorem 1 represent artificial definitions of the bijective function.
The characterization 2) of Theorem 2 represents an artificial definition of a convergent sequence to a real 

www.ijspe.com 

The property of having parallel opposite sides. 

In the statement of a definition, reference should only be made to the primary or other notions 

A definition must to reveal by its content exactly as necessary and sufficient for the outline of its content, so 
defined notion is distinct from other notions. So the statement of a definition should not be too long, but 

A definition does not have to include properties of the mathematical object / phenomenon defined.  
tion, importance must be given to all the elements that compose it. 

We must specify that the definitions in Mathematics are sentences that are not logically classified. 

and one or more artificial 
. To facilitate the understanding of the difference between the two types of definitions mentioned here, 

, a theorem that presents statemens 

If n is ... / for the notion n, the following statements are 

, then the following statements are equivalent: 

, so that for any natural number m, m m,am-a. 

, (two opposite angles are congruent and two adjacent angles are 

equivalent to the natural definition of n, 

With respect to those presented in Examples 3.5, based on Definition 3.6, we can say that: 

of the bijective function. 
of a convergent sequence to a real 
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number a. 
3) The characterizations 2), 3) and 4) of Theorem 3 represent artificial definitions of the parallelogram. 

 
It is possible that a certain notion n, in the development of mathematical theory, from the notion n to the concept 
n, has several characterization theorems. 
 

Examples 3.8: I) Theorem 1: For the function: 
 

f : A  B, 
 

the following statements are equivalent: 
 

1) f is bijective, 
2) f is invertible.  

 

II) Theorem 2: If (am)mN is a sequence of real numbers and aR, then the following statements are equivalent: 
1) (am)mN is convergent to a, 
2) there are a sequence of positive numbers (m)mN, which is convergent to 0, so that, for any 
mN,am-am.. 

 

III)Theorem 3: For the ABCD quadrilateral the following statements are equivalent: 
 

1) ABCD is a parallelogram. 
2) each diagonal of the quadrilateral divides the quadrilateral into two triangles of the same area. 

 

The proof of the characterization theorems of a mathematical notion n is made either by circular permutations, i.e. 
proving the sequence of implications: 
 

1)  2)  3) ...  m)  1), 
 

either proving, one by one, the equivalence of 1) with each characterization 2), 3), ... etc. However, regardless of 
how these characterization theorems are proved, all the presented characterizations, i.e. all properties equivalent to 
the natural definition, represent artificial definitions of the respective notion, and when operated with 
mathematical objects or phenomena, in proofs or solutions of exercises and / or problems are operated, depending 
on the given context, or directly with their natural definitions or artificial definitions. 
  

Considering the above, we can say that, in Mathematics, some notions or relations can be defined in several ways: 
 

 starting from different proximate genous and continuing with different specific differences, 
for example, the definition of the square:  
o the square is the rhombus with a right angle 
or 
o the square is the rectangle with two consecutive sides congruent;  
 starting from the same proximate genus and continuing with different specific differences, 
for example, the definition of the cyclic quadrilateral: 
o we call a cyclic quadrilateral a quadrilateral in which the sum of the measures of opposite angles is 180 
or 
o we call a cyclic quadrilateral a quadrilateral in which an angle formed by one side with a diagonal is 
congruent with the angle formed by the opposite side with the other diagonal; 
 starting from different proximate genous and continuing with the same specific difference, 
for example, the definition of the rank of a matrix:  
o we call rank of a matrix the number of lines that are linearly independent of the respective matrix  
or 
o we call rank of a matrix the number of columns that are linearly independent of the respective matrix. 
  

4. Conclusions 
 

Therefore, the mathematical concepts of the theorem and definition are very complex, and their use in the 
classroom implies the proper place mastery. The careful and interested reader of these issues will determine (by 
proof) the truth value of the sentences affirmed in this paper and will be able to take other examples from all the 
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mathematical subdisciplines taught in the school. At the same time, in order to improve the baggage / amount of 
knowledge in Mathematics Didactics, respectively the Philosophy of Mathematics we recommend to c
works from the (selective) bibliography presented below. 
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